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• SUMMARY 



The paper -descri"bes methods of computing the stresses 
in disks of a given profile as well as methods of choosing 
the disk profiles for a given stress distrihution for tur- 
hines, turho hlowers , and so forth. A new method of in- 
tegrating the differential equations of Stodola leads to 
a simplification of the computation for disks of hyperbolic 
profile. It was found possible to apply to the equations 
a method analogous to the methods of Donath and Yanovsky 
for disks of constant thickness, the sum and difference of 
the stresses S=T+er, D=!T-»a being replaced in the 
equations by the expressions S = ma + T, D = ncr+r 
where m and n are constants. There is investigated, 
for the first time apparently, the problem of the choice 
of profile for disks carrying lateral blades. In contrast 
to the case considered by Holzer of disks with blades at- 
tached at the rim, it is impossible in this case to assume 
arbitrarily the curve of radial stresses and the edge 
thickness of a disk. In a number of cases infinitely di- 
verging and other unsuitable profiles occur. The dependence 
of the tirofile shape on the assumed stresses is investigated. 
An example of tfee improvement of a typical disk profile is 
analyzed showing considerable gain in material on approach- 
ing the condition of uniform strength. The method of Eolzer , 
for disks with blades atta-ched at the rim, is considerably 
simplified by dispensing with the necessity for graphical or 
raechauical integration. There is considered also. the possi- 
ble limit of tangential stresses for a given curve of radial 
stresses, a factor of much value in eelecting a- profile. 



♦Beport No. 26? of the Central Aero^r-Hydrodynamlcal 
Institute, Moscow, 1936. 
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The determiaation of stresses in rotating disks is a 
prolslem that has received much attention. The prohlem 
was worked out at first chiefly in connection with steam 
turbines • The recent development of machines for moving 
gases (fans, "blowers, superchargers for airplane engines) 
has led to an increased interest in the sulsject and has 
introduced specific reiuir ement s . 

The papers by Taaovsky (reference l) , Volkov (in ref- 
erence 2), Cberny and Baklanov (reference 3), Rees (refer- 
ence 4), and the work conducted at CAHI are witness to 
Russians heightened interest in the subject. The continu- 
ally v/idening application of computed disks proves the 
importance of devising rational computation methods and 
explains the constant increase in the number of investiga- 
tion papers in this field. The foreign literature on this 
problem is extensive though of unequal merit. At times, 
no use is made of important results already obtained — for 
example, the principle of Von Mises. Even such leading 
investigators as Kearton (reference 5) and Ostertag (ref- 
erence 6) present extremely laborious and outmoded methods. 

In the present paper methods are presented for the 
computation of the stresses. in given disks and the selec- 
tion of the profile of rotating disks for assumed stress 
distribution at various conditions of loading. The latter 
problem for disks carrying side blades is investigated 
apparently for the first time. The problem first consid- 
ered is to compute the stresses f or a given disk. The 
starting point here is an assumed approximation to the 
shape of the disk profile with the aid of hyperbolic 
curves. 

The following method of integrating the differential 
stress equations leads to a solution in a form which is a 
direct genQxalizat ion to hyperbolic disks of the method 
of Donath (reference 7) for disks of constant thickness, 
(The method of Donath is the basis of all subsequent^ work 
on flat disks.) A simple transition from the stresses at 
the inner radius of the ring to those at the outer radius 
are given in this melhod, and no recourse is had to the 
construction of tables or charts. In particular, for 
disks of constant thickness , this method leads to that of 
Yanovsky which (appears ti^e best development of the Donath 
method. 
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The second fundamental problem is that of selecting 
a* profile for a given stress, distrihution. The problem 
was first formulated by Holzer (reference 8). The solu- 
tion of this problem becomes difficult in the case of 
disks the load of which is distributed along the radius. 
The occurrence of singular points in the differential 
eq.uation of the profile leevds to the possibility of ob- 
taining infinitely divergent profiles, and so forth. In 
the case of finite edge thickness the latter, it appears, 
cannot bo arbitrarily assumed as in the case of the disk 
considered by Holzer , but is related in some manner with 
the chosen stresses and loads. In this connection a de- 
tailed investigation is made in the present paper of the 
problem of the dependence of the profile shape on the 
given stresses. As shown by examples, the application of 
these methods loads to a certain saving in material, the 
gain being most marked for a stress distribution giving 
uniform strength. 

As regards the problem solved by Holzer, other authors 
such as Yanovsky (reference l), Arrowsmith (reference 9), 
have departed from the direct path followed by Holzer in 
view of its technical complexity. The following shows hov 
a suitable selection of the form of the functions v;hich 
give the radial stress leads to the possibility of carrying 
out the quadratures so that the solution is obtained in 
the form of simple finite formulas. The computational v/ork 
is many tiraes reduced without impairing the accuracy. 
This method is particularly convenient for the disks of 
steam turbines. 

In tho present ■pa-oer the questions of temperature 
stresses (reference 10; are not considered. The problems 
of the stresses due to unsymmetric disks or loadings are 
pressing and await full investigation. 

The approximate equations of the stresses in disks of 
varying thickness were obtained by Stodola in 1903 (refer- 
ence 11). Not counting disks of constant and ellipsoidal 
thickness, one attempt to obtain a more accurate solution 
may be noted — namely, that of Cornok (reference 12) » 
who gives a general equation from which there is then de- 
rived the solution for hyperbolic disks. This solution is 
compared with that of Stodola. Tor conical disks a method 
is indicated in the form of an infinite series. The paper- 
of Oornok contains errors, however, in tho computation of 
tho moan stresses because in integrating no account was 
taken of the dependence of the limits on the parameter. 
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It is noted that if the equations of Cornolc were true, 
t'hea- they would provide for any profile a solution requir- 
ing only two quadratures, For conical disks thers" also 
would "be ohtained ^ simple finite solution instead of the 
infinite scries used "by Cornok. 

The question of the effect of the assumptions made 
was suhjocted "by Stod ^a t o_a theoretical analysis (refer- 
ence 13). H ore over , he checked the assumption of the 
uniform distr ihut ion of the radial stresses in the cylin- 
drical sections of the di«ks making use of the a^^jaxa._to 
solution of Cree for ellipsoids. (See Stodola, (^7 ] 896 J )> <<; — 
It is interesting to follow thi« comparison. Tffr~fTrl"To'w--- 
ing conclusion may he drawn on the hasis of the computa- 
tion conducted hy Stodola for various shapes of ellipsoids. 
In the method of Stodola no difference in stresses in 
those ellipsoids appears,, hecause all thicknesses a^c pro- 
portional and the equations of Stodola are unaffected "oy 
such variation in the thickness of the disks. The stress 
curves of Crce, however, show for the various ellipsoids 
a difforonce up to 30 percent, the maximum stress in the 
ellipsoids of flat shape "being less than in more convex 
ollips olds • 

As is naturally to be expected and confirmed "by this 
computation, the S_t^od^o]^_s^olu^^^ for thin ellipsoids prac- 
tically does not differ from theaccurate one, Por ellip- 
soids approaching the spherical shape the equations of 
Stodola give stresses up to 30 percent less than the actual,. 

It also should he mentioned that the tests of Stodola 
on resinous models of disks (reference 13) have shown that 
in vridc huhs the effect of "bending begins to predominate. 
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She main paths followed in the development of the 
methods are indicated, (See also reference 10.) 

Tho equations of Stodola are solvable in finite form 
only for certain particular shapes of prof lies -.for disks 
of constant thickness, uniform strength, and hyperbolic. 
On some of them more will be said. Por trapezoidal sec- 
tions (conical disks) the solution can be obtained only in 
the form of an infinite series. Practically applicable 
disks have complicated profiles, however, and for these the 
equations of Stodola permit obtaining approximate solutions. 
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To the first group the methods giving approximate 
solutions s-taT-ti-a-g fro.m the general form of the_se.^eq.uations 
may "bo referred. Here "belongi the graphical method "of 
Stodola "by which, assuming the curve of radial stresses, 
the profile of the. disk is found; and the method of Kellar 
(in reference 1, p. 335), who substitutes small finite in- 
crements for the differentials. To this group also helongs 
the method of Holzer (reference 8) where a curve of radial 
stresses in graphical or analytical form is assumed and 
the work of Posohl (reference 14) employing the method of 
Rita. All these solutions are practically inconvenient. 
Much more simple are the methods using one of the previ- 
ously mentioned, types of profiles for \irhich the integra- 
tion does not present any special difficulties. 

In regard to this, throe methods "based on disks of 
constant thickness, hyperbolic disks, or conical disks 
have "been developed. Gruhler (reference 15) was the first 
to follov/ this method. Recently there also has appeared 
an attempt to make use of certain exponential forms of 
profile (references 16 and l6a) , 

By substituting approximately for the profile of th6 

disk a number of hyperbolic curves y = -ff . Grubler showed 

r 

that by taking into account the boundary conditions of all 
such rings a sufficient number of equations is obtained 
for computing the stresses over the entire disk. It is 
true that in this case the method is still inconvenient. 
It has been adopted, however, by Kearton. 

A now line of development was taken by Donath in 1913 
(ref erence 7) whose method also was explained by Haorle 
(reference 17), Donath based his computation on constant 
thickness profiles fr.om which a stepped disk is^ formed 
approximating the given disk. Between the individual steps 
the stresses undergo discontinuities which may be computed. 
The second main feature of the method of Donath lies in the 
fact that instead of the stresses themselves their sum and 
difference are used. This device has proved to bS very 
convenient for reasons which will be explained and has been 
"a'd'apted f or disks of ^ constant thickness ,.In connection 
with this method Donath constructed a rather complicated 
Chart v/ith two families of curves. 

The method of Donath was perfected by &rammel (refer- 
ence 18) who substituted simple graphical constructions 
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for Dona th's char-ts and by Yanovsky, (reference l) who 
proposed a convenient numerical method, Yanovsky gave 
much attention to the prolilem of Holzer. The methods of 
Donath and Keller req.uired several trials for satisfying 
the "boundary • condit ions . Yon Hises shov^ed how the hound— 
ary conditions could he satisfied hy making use of a 
fundamental family of linear differential eq.uations. 
Only two trials were found necessary, the second heing 
facilitated hy having the angular velocity equal to zero. 
This device received wide application and it was suitahle 
for all methods — for steps of constant thickness as well 
as for hyperholic or other steps* Driessen (reference 19), 
likev;ise developing the method of Donath, extended somewhat 
the application of the foregoing device, The method of 
Cherny and Baklanov is essentially contained in the method 
of Arr o\irsaith , hut a fuller tahle is given for disks of 
constant thickness. 

While they possess the advantage of simplicity, the 

methods hased on constant thickness steps are inconvenient 
in that for a good approximation to the shape of the curve 
a con^iderahle numher of steps are required. In view of 
this fact, methods making use of hyperholic steps continued 
to he developed, Ihe ease thereby obtained of approximat- 
ing to the shape of the disks is explained by the presence 
of two free parameters and also by the fact that in their 
construction applied disks approach the hyperbolic shape. 

Martin (reference 30) constructed a family of curves 
to facilitate the computation of hyperbolic disks for cer- 
tain values, of the exponent; a = 0, 1, 2. Recently, t'he 
charts of Martin have frequently been supplemented foi^ 
other values of the exponent, (See Knight, reference 21, 
and Hodkinson, reference 22.) Arrowsmith (reference 9), 
dispensing with graphs, transformed the formulas of Stodola 
and constructed tables that permit finding the stresses in 
hyperbolic disks for the ratios of outer to inner radius 
oif 1.02, 1.05, 1,1, and 1,2. This does not permit making 
use at all times of the fundamental advantage of the hyper- 
bolic disks - namely, the small number of steps required. 
Ratios of the radii greater than 2 are encountered in the 
computation and for thesal, ac6ording to the method of 
Arrowsmith, no fewer than four steps would be required. 

Volkov does not make use of the device of Von Mises, 
and the constants of i-ntegration are not excluded a fact 
which complicates the computation. 



it 
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Honegger (reference 24) 



incl-ading conical, for 



Ihe third group of methods is 
disks. Pischer (reference 23) 'and 
present a large class of profiles, 
which the stress equations lead to the hyper geometric 
series of the Gauss equation. Honegger computed tables of 
functions entering the solution. Martin (reference 35) 
arrived at analogous results making use of the principle 
of Oastlgliaao in deriving his equations with the same <~ 
assumptions as those ofStjJ;.filjLt..„ In 1934 Halkin (refer- 
ence is) showed new*°Torms"^ integrahle profiles; 



y = a e 



-3r^ 



and y = a e 



-$r 



I 



upon which a computation was "based. Since for the latter 
profiles the equation may 'be transformed into a Bessel 
equation, it is possible that the corresponding tables are 
found among tables of Bessel functions. Some of the 
tables of Malkin have already been published (reference l6a) . 

Holzer (reference 8) approached the computation of 
disks from another direction. By assuming maximum stresses 
it \ras sought to obtain the profile requiring the minimum 
expenditure of material. This was supposed to be equiva- 
lent to finding the profile possessing the maximum energy 
of deformation possible at the given stresses. The solu- 
tion of Holzer is unsuitable for disks not loaded at the 
rim (disks with side blades). A solution is given for 
this case, Holzer applies mechanical, or graphical quad— 
ratvires for solving the problem of the choice of profile. 
Other methods also were suggested by Yanovsky (reference l). 
and Arrowsmith (reference 9). The method of Holzer becomes 
very simple if the forms of the functions for the radial 
stresses are suitably chosen. 

It is of no value to raise the question as to which 
formulation of the problem — namely, to find the profile 
for given stresses or conversely — is the more correct. 
In practical construction both problems are equally 
important • 



I 
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.... , , KOTATION 

r distance of element of disk from axis (cm) 
y thickness of disk at radius r (cm) 
cr^ or a padial stress (kg/,cm^) 

or T tangential stress (kg/cm^) 
I radial displacement of disk element (cm) 
w angular velocity of disk (sec^*) 

V ratio of transverse compression to longitudinal 

extension (Poisson ratio) 

B elasticity modulus (kg/cm^) 

Y density (kg/ cm^ ) 

e = l£. (^^) 
g \cm / 

I. SiaSSSES IH GIVEH DISKS - rUNDAiCENTAL EQUAOPIONS 

50he first eq.uation is found from the condition of 
eq.uilihriua of the disk element (fig. l). The stresses 
a and T are assumed not tq vary along the axial direc- 
tion of the disk, 

For the lower part of the element the radial force 

is eciual to rd9 y a. The resultant of the radial stresses 
is eqtual to 

d (rycrdQ) 

■ The ■ resultant . of . the . tangent ial stresses is eq.ual t o 

yrdrdQ 

The centrifugal force for the given elem.ent is equal to 
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r^ydrde 



or 

cr^ydrdS 

From the eq.uili'br ium of the element there is obtained 

i-i£Z^l _ yr + cr^y =0 (i) 



Owing to the centrifugal force of side hlades, for 
example, the effect of loads distributed along the radius 
must be added to the foregoing forces. This is most 
simply effected by adding to the disk a certain nominal 
thickness Ti of the same matprial and which does not 
carry any stresses, but gives only an added centrifugal 
force. The thickness ri is taken so that its centrifugal 
force at any radius is equivalent to the external load. 
Instead of the centrifugal forces of the element cr®ydrd9 
in the equation there enters the total centrifugal force 
cr^ (y + r\) drdS and the equation becomes 

LSlIEl - yY crMy + n) = 0 (2) 



Shus one equation has been obtained for the two vari- 
ables cr and T. A relation can be obtained from Hooke's 
law connecting the stresses with the deformations, Por 
the assumed condition of absence of axial stresses, the 
deformations are obtained 



^r 



Both deformations can be expressed in terms of the ra.dial 
displacement of the element 



i (T - vcr) 



(3) 
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(4) 



Ihus 



> <5) 



r 



J 



There ^re two ways in which to proceed: eliminating I 
there is obtained the condition for a and T; 

i^[r (t ~ ya)] = a - uT (6) 
dr 



11 _ V M = l_iJL (a - t) (7> 
dr dr r 



This is the equation of the interrelated stresses. It is 
independent of the shape of the disk profile. Knowing 
one of the stresses, the other may "be found from the equa- 
tion T/ith the aid of quadratures. It should "be particu- 
larly noted that after the stresses cr and T are computed 
the values of the radial displacements at the various radii 
of the disk are directly obtainod from formulas (5). 



By the second method, instead of this system of two 
equations of the first order there is oTitained a single 
differential equation of the second order for the radial 
displaoeuient |, For this purpose, a and T are 
elimiiiated from equation (2) with the aid of equations (5) 
to. obtain 

dr ^ dr . r-' dr V dr / E ^ y 

If for a given profile this displacement equation can he 
solved, the stresses may then t)e found "by equations (5) 
solved for the stresses: 
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■C^'-a 



1 - Vdr 




(9) 



1 - \ dr r/ 



fho system of equations (2) and (?) or equation (s) 
is the Ijasis for computing the stresses in a given disk 
as vrsll as for the choice of profile for given stresses. 
At the various parts of the disk it is generally assumed 

that ~ = constant, which condition is applicable to a 

large numher of the steps. This permits each step to he 
considered as free of external loads, hut with density 

increased hy K-t l -S . times, For this reason disks with- 



out loads along the radius are considered. 



Stresses in Disks for Load Applied at the Him 

In the absence of loads at the sides of the disk 
Ti =s 0, The formulas of the stresses in the form given hy 
Stodola for hyperbolic disks are first presented. Then 
it is shovm that another method of integration leads to 
considerably simpler relations. 

The equation of the hyperbolic profiles is 




Then -£ = - S and equation (8) leads to the equa- 

dr r 

tion of Euler. By integrating it, Stodola finally arrives 
at the following form of the stress equations 



[(3 +v)ar + (All +v)bar 



3 



a = 



1 - V 




T = 



E 



1 « V 
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where 

(1 -V^) ^(D^^ 

a = — — — — — 

Eg [8 - (3 + V )a] 



and \|/2 are the roots of the quadratic eq.uation 

\|/® - at - (1 + va) = 0 (12) 

and "bi and Tig are constants of integration determined 
"by the Isoundary conditions. 

Another order of integration that leads to consid— 
erahly simpler relations "between the stresses o and T 
is given. 

Transformation of the Linear System of Differential Equations 

of the First Order 

Equations (l) and (?) form a nonhomogene ous system 
of two linear differential equations of the first order, 
A suljstitution may be found "by which the solution of any 
such sz'stem leads to the integration of a Biccati equa- 
tion and quadratures. 

Let the given system "be 
dff 



= acr + "bT + c 
dr 

= a 'a + -b «T + c ' 

dr 



(13) 



where a, "b, c, a', "b', and c' are functions of r. 

Sy introducing the new variable 

z = ka + T (14) 



where k may likewise depend on r 
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4a = a^+k-^2: + ^ 



or 



M = (^^^ + ak + a • V + (T)k + b • )t + (ck + c • ) 
dr \dr / 



(15) 



The value of k may be chosen so that the right— hand 
side depends only on z without containing a and T 
explicitly. For this it is sufficient that the ratio be 
tween the coefficients before cr and T be the same as 
in z = kc + T - that is, 



('S^ + ak + a'] : (bk + b») = k : 1 (16) 
\dr / 

3?hen 

^ = (bk + b«)z + (ck + c') (17) 
dr 

that is, instead of the system (13) there is obtained a 
single linear equation for z, 

Hequirement (16), however, which must be satisfied 
for k is no other than the equation of Eiccati: 



^ = bk^ + (b « - a) k - a' (18) 
dr 

If ttiro particular solutions of this equation can be found 
denote them by m and n -- there is obtained for each of 
them the corresponding values of z — denote them by S 
and D — and the variables cf and T may be expressed 
by the two equations arising in place of (14): 



tia + T = S 

> (19) 
na + r = D | 



Ihese equations contain two arbitrary constants. In 
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this case the system (13) on the "basis of eqtuations (l) 
and (7) is of the form- 



dr \r dr / r 

/I d In y \ _ T 

- ( V — T — ~ Iff--! vcr 

\r dr / r 



dr 
dr 



(20) 



With z - 1st + r , ecLuations (17) and (18) for z and k 
"bee ome 

^ = z - c(k + v) r (21) 

dr r 



and 



. 1 j,3 ^ d^a-Z k ~ ( i ^ d_l5.E>) (22) 
dr r dr \ r dr / 



Hyperbolic Profile 

Ihe preceding equations hold for any profile. The 
first does not at all depend on the shape of the disk and 

the second, for hyperholic disks for which y = , 
assumes the form ^ 

~ = J (k* - ak - va - 1) (23) 
ar r 



and evidently can Tje satisfied for constant values of k 
equal to the roots m and n of the quadratic equation: 

~ ak - ua - 1 = 0 (24) 



that is, 



2 V 4 

^ ; (25) 

2 V 4 
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These roots are real and. different for any value of a. 
It is of interest to note that eq.uation (24) is the same 
quadratic ec(.uation which figures in the solution of" 
Stodola. 

ffrom the linear equation (21) the values of z are 
found, ffor fc = m, for example, 

Sri dr r. P , V -/ 5=i dr 

z = nor + 



or 



T = e'' r A - / c(m + v)re r dr 

ma + T = r"^-^ j^A - (m + u)c |-£--j 



where A is the constant of integration. 

Adding, "by analogy, a similar equation for the other 
root k = n and setting 




(26) 



finally, there is obtained for the relations Taetween the 
stresses * 

ma + T + Mr® . ^ 

s constant 

j.m-1 

na + T + Hr® . , 

— , s constant 

r^-^ 

*If m = 3, which occurs for a = --- — (for steel 

3 + V 

2.42) then a logarithmic function appears in the integra- 
tion and the first of relations (27). assumes the form 



32_t^I^±-Hi3,±J2.l£!.i?i_£ = constant 

J.3 




A sinilar added note should he made to the solution- of 
Stodola, 
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EcLuations (27) are much simpler than the solution in 
the form given "by Stodola as represented "by equations, (ll). 
It is immaterial for the computation that equations (27) 
are not solved for the stresses, since it is another factor 
that is essential: namely, that the equations contain only 
a single constant each and thus permit easy passage from 
tho stresses at the inner radius of the disk to the stress- 
es at the outer radius. 

It is possilJle to express directly the final stresses 
in terais of the initial, as was done "by Arrowsmith, Equa- 
tions (27) readily permit finding these expressions in the 
form 



After such transformation, however, formulas (27) lose 
their simplicity and are less convenient for computations. 
IThe coefficients of the equations of Arro^irsmith are cum— 
hersome and further on it is found necessary to construct 
tahle s • 



A relation which exists "between equations (27) and 
the method of Donath is observed. 

Vritat equations (27) "become in the case of flat disks 
shall he considered. Setting a = 0, there is found 
m = 1, n 59 — 1; whence 



according to which --- leading to Dohath's result for flat 
disks - operate with the sum and difference of the stresses 
in place of the stresses themselves. The expressions for 
the sum or difference of the stresses contain a single 
constant each, It is therefore necessary to know their 
values for one radius in order to determine their values 



cr 2 = Aa 1 + Bt 1 - Okr j s 



Tg = Ecti + PTj - Gkri® 



Greneralization of the Method of Donath 




(28) 
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evor .lLho entire disk. Bach stress "by itself does not 
possess" this property,- since it -in voJLv.es two cp^^st^nts. 

It can now "be seen that in equ^-tions (27) for hyper— 
■bol.ic disks there should he considered not only the 
stresses themselves hut also their oomhinations mcr + T 
and nff + T , Equations (27) thus generalize the method of 
So'na'th to hyperholic disks* 

Before proceeding to the description of the compu- 
tation, the manner in which eq.uations (27) may he derived 
from Stodola's solution will he ohserved. Each of equa- 
tions (27) contains only a single constant. In order to 
ohtain a similar kind of equation from Stodola's solution 
which contains both arbitrary constants, it ig necessary 
to solve these equations for the constants. Bearing in 
mind that the roots of the quadratic equation (12) are 
connected hy the relations 



the formulas thus derived agree accurately with equations 
(27) . 

Ihe latter consideration permits a still further 
generalization of the method of Donath. Por any profile 
the solution is expressed in the form 



where 0^ and Cg ar^ the constants of integration. By 
solving these equations for the constants, equations sim- 
ilar to equations (27) are ohtained. By this method, for 
eisanple, the solution of Malkin for .disks with profiles 



+ \|(a = a; J/g = -(1 + va) ; i-±-^^ :z -vj/g; i. 



V + V 




cr s Ci<Pi (r) + Ogcps (r ) + cpg (r ) 
T = Civ|/i (r) + Os\i/8 (r) + (r) 



-^ r 



might he simplified. 
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Oompntat ion of Hyperbolic Hing 

A fundamental and repeated operation in the computa- 
tion is the transition from the stresses at the inner 
radixts of the ring to the stresses at the outer radius. 
Let ri, Oj.and so forth, "be the values at the inner ra- 
dius and rg, org, and so forth, the values at the outer 
radius. 




Sett ing 



Previously equation (19) was obtained 

S = mcr + T 
D = na + T 

Eq.uations (27) are rewritten as 



(29) 



whence 



or 



where 



S + a 



= constant 1 



£_+^ = constant 
n— X 

r J 



Sg + ag 



p (Si + &x)\ 
OL (Di + "bj) J 



Sg = p (S 1 + ai) - ag 
Dg = q (Dj + bi) - "bg 



n-i 



(30) 



(30 «) 



(31) 



(32) 
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Equations (31) are the fundamental equations giving the 
transit Ion f r^om, r^4:ius. rj, to rg. 

Conversely, knowing S anii J> , cr and T are oTj— 
tainecl from equation (19): 




(33) 



T =s D - na 



The computation procedure is as follows! when the 
values a 2 and at the first radius are known, th© 

values 5i and are ol>tained "by formulas (19); 

S 1 53 mcT 1 + T J 
Di a naj + Tj 

Next, pass to the second radius formulas (31) and 
finally return to the stresses "by formulas (33): 

CTg a & 

m — n 
T « Ds - ncTs 



Computation of Ring of Constant Thickness 
In this case, since a. - 0, m » 1 , n = — 1 




(34) 



1 -V 



(34a) 
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SO 



q. (D 1 +' "b 1 ) - 3 




(35) 




P 



q. 



^ 1 



3 



] 



(36) 



(37) 



T 



a 



Dg + as 



These formulas lead essentially to the scheme of Yanovsky 
for flat disks. 



Computation of Disks of ArTjitrary Profile 

(See following example and collection of formulas.) 

Division of the profile into successive rings By 
taking the radius along one axis and the disk thickness 
along the other the profile to logarithmic scale- is 
plotted, (On ordinary graph paper the values of Ig r 
and Ig y may "be plotted.) The ohtained curve is re- 
placed "by a broken line the sections of which correspond 
to the hyperholic parts of the profile since a straight 
line in the logarithmic plot corresponds to the. eq.uat ion 




where the exponent a is the negative of the slope of the 
straight line. The coefficient a for a hyperholic sec- 
tion may Tse found hy the formula 



a 



Ig y g - Ig ya 
Ig rg - Ig ri 



(38) 
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where Vx and yz are the thickness of the profile at 
radii rV an'd rg, respectively. 

In choosing the Tsroken line, in order to decrease 
the nunlDer of steps, it is sometimes -useful to disjoin 
the ends of the sections of the "broken line, a procedure 
which corresponds to discontinuities in the thickness of 
the disk (although the given disk does not contain such 
discontinuities). 

When the value of a is known for each section, the 
auxiliary magnitudes* m, n, p, q, M, N,. a, and h 
are found from formulas (36), (26), (29), and (32). The 
value of m may also he taken from tahle I and since m 
and n are the roots of the quadratic equation (24), then 

n = a - m (38 ' ) 

Stresses. Prinei-ple of Von Mlses. Discontinuities 
in Thickness ." Usually the radial stresses at the inner 
and outer radius of the disk are given. At the inner 
radius the stress is taken either equal to zero or to the 
"bearing pressure on the shaft and in the latter case it 
should he considered as negative. (Kearton and Ostertag 
erroneously take that pressure to he positive.) At the 
outer radius in the ahsence of loads the stress is also 
taken as zero. In the presence of hlades the centrifugal 
force of the latter creates a radial stress w^hich must "be 
computed in advance, 

JJot knowing the values of the tangential stress Tq 
at the inner radius thie computation, following Von Mises, 
is conducted twice, For the first computation any arbi- 
trary value To is taken. With the aid of computation 
experience of the given type of machine this value can he 
chosen to lie near the true value "by choosing suitahLe 

coefficients in the expression "^"^ ^ . .. , which gives the 

S 

stresses in a rotating ring. The stresses in the succes- 
sive rings of the disk are then computed. The stresses 
at the end of one step are, taken for the initial stresses 
in the following step. An exception is made in the case 
where the thickness of the ring changes di scont inuously at 
the b oundary of the two steps. 

♦To compute p and q slide yules with log-log 
scales which raise a number to any power are convenient. 
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Let y Ise the thickness of the disk 'before and 
+ Ay tlie thi<5kne_ss after the point of discontinuity. 
The stresses a and T will then likewise "re~CBt'\re dis- 
continuous increments Aff and At which are computed 
hy the formulas 



Act = - 



y + Ay 

AT = V Ac 



(39) 



where -a is the stress immediately 'before the point of 
discontinuity. It is recalled that the derivation of 
these formulas is "based on the assumption of uniform dis- 
tri'bution of the stresses over a cylindrical section of 
the disk. The equilihriuro condition of an element for 
dr e 0 in this case 'becomes 

ya = (y + Ay)^a + Aa) 

whence there is also obtained the first of relations (39). 
The second may he written on the 'basis of equations (5) in 
view of the equality of the radial displacements 'before 
and after the discontinuity. There is o'btained 

T * ua = (t + AT ) V (<^ + Aa) 



whence 



At = u Aa 



The second computation differs from the first essen- 
tially in that this time the disk is assumed stationary; 
u> = 0, Hence the magnitudes c, M, U, a, and "b be- 
come zero. The transition formulas to the new radius are 
simplified. They are written: 




(40) 



The initial tangential stress in the second computation 
may likewise 'be chosen arbitrarily, but the initial radial 
stress must be taken equal to zero. 



By completing the second computation similar to the 
first for the entire disk (what was said with regard to 
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the discontinuities holds likewise for the second computa- 
tion) the true st„r e.,S^es,„are obtained iy multiplying all 
stresses of the second computation "by a certain constant 
coefficient k and adding to the stresses ohtained hy the 
first computation for corresponding radii: 



It may he noted that the first computation corresponds 

to finding a particular integral of a nonhomogeneous dif- 
ferential equation and the second to the solution of the 
corresponding homogeneous equation; the general solution 
being the sum of the first and the second multiplied "by a 
constant and evidently satisfying the boundary conditions. 



Computation Check 
By checking, the following formulas are convenient: 
1. Jor checking p and q: 




(42) 



where the coefficient k is found from the equation 



af + kcTii = at rue 




(44) 



2. Tor checking a 



and b ; 



a 



n + 



m + 



1 + Zy 
3 + V 

I + 3v 
3 + u 



(45) 



3. IPor checking the stresses at the rings: 



jncTg + Tg + ag =s p(mcri + Tj + a j^) 



(46) 



In the second computation since a^ = a^ = 0, the 
following formula is used 



XTACA XH ITo. 1064 



34 



»<?a + Tg = pCma^ + t^) (47) 

The check is made immediately after obtaining tfi'e c-orre- 
sponding values. The accuracy obtainable with the common 
slide rule giving three significant figures is in general 
sufficient for the computation. The entire procedure 
also is^ clear from inspection of table 2 which should be 
filled in vertically in sequence. The columns for S and 
D, however, are simultaneously filled in with the stresses 
CT and T for each step. 



Example 

The data for the disk that was computed by Holzer is 
chosen, making certain changes introduced by Yanovsky (ref- 
erence l). It is required to compute the stresses in a 
steel disk (fig. 2) with outside diameter 132 centimeters, 
inside diameter of the rim 120 centimeters, outside diam- 
eter of the hub 24 centimeters, inside diameter of the hub 
16 centimeters, thickness of hub 11 centimeters, and thick- 
ness of rim 2,8 centimeters. The disk is to run at 3000 
rpm. The load due to the centrifugal force of the blades 
under these conditions is 400 kilograms per square centi- 
meter of the outer area of the rim. The radial stress at 
the inner surface of the hub is equal to zero. 

The thickness of the disks at the various radii is 
given as follows: 



r 

(cm) 


y 

(cw) 








8 










12 
14 


6.93 




Section 


r 




18 


3.81 








I 


22.5 


2.89 






8 




27.5 


2.64 




1 


12 


11 


32.5 


2.40 




2 


12 


11 


37.5 


2.17 






19.2 


3.2 


42.5 


1.94 




.3 


19.2 


3.6 


47.5 


1.71 






40 " ■ ■■■ 


2.1 


52.5 


1.50 




4 


40 


2.1 


57.5 


1.30 






60 


1.24 


60 


j2,8 




5 


60 


2.8 


66 






66 
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These values are plotted on logarithmic paper (fig. 3), 
■ from which it is seen that with great acouracy_ibhe._p'b~ 
tain curve is replaced "by a "broken line of five sections, 
and a profile composed of three hyperbolic steps and two 
of constant thickness is obtained. These data are in 
columns 1 and 2 of tahle 2. 

The auxiliary magnitudes are computed. Tor the hy-. 
perholxc steps a is found either graphically (fig. 3) 
or by formula (38). Corresponding to the value of a, 
table 1 gives the value of m. Further 

n = a - m 

With m and n known, p and q are found by formulas 
(33) and are checked by formulas (44). Find M and K 
by formulas (26), compute a and b by formulas (29), 
and check a and b by formula (45). Now proceed to 
the first computation of the stresses. 

First Step 

Here are given cr^ = 0; T,, may be arbitrarily 
assumed. Assume T,^ a 1000 kilograms per square centimeter 

Si = m<Ji + = 1X 0 + 1000 = 1000 
Di = nffi + Ti = -ix 0 + 1000 = 1000 

Pass to the next radius (r = 12): 

Sg = p(Si + aj) - aa = 1(1000 + 32.6) - 73.5 » 959.1 
Dg = q(3)i + bj) bg = 0,445(1000 - 8.8) + 19.8 = 460.8 

The stresses are 

, 5. - P. , 959.1 ^ 460.8^ 
^ m ^ n 1 - (-1) 

Tg = Dg - nffs = 460,8 - (-1) 249 = 710 



The entire step is checked by formula (46). 
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... Second Slteip 

Since there Ib no discontinuity in thickness "between 
the first and second steps, the final stresses of the 
flrsi; step are taken as the initial ^tresses of the second: 

Oi = 249 Ti a: 710 

and 

Si = mdi + Ti = 3.19 X 249 + 710 = 1506, and so forth. 

Account of the discontinuity in thickness must he 
taken in the fifth step. Denoting the numher of the step 
"by a superscript (for example, di^*') will result hy 
equation (39) : 

A0 = - — 4Z — os^'*^ = - -5^^ X 348 = -194 
y + Ay 2.8 

whence 

<Ji ".^'a ' + Aa = 348 - 194 = 154 

Further 

At t= u Aa = 0,3(-194) = -58.2 
Ti^ = Ts^ ' AT = 617 - 58.2 = 558.8 

Proceed next to the la.st radiup to complete the com- 
putation. (See tahle 2.) 

The second computation differs from the first only in 
that a and "b are equal to zero. 

Tirst Step 

In every case Oi = 0; T,. as "before is arbitrary. 
Assume, for example, "^i = 1000 kilograms per square cen-r 
timet er 

Si = mOi + =5 1000 
Di = nCx + Ti = 1000 
Sa pSi = 1 X 1000 = 1000 

Ds s= qDj = 0.445 X 1000 = 445, and so forth. 



Siep 






ct 


m 


R 


1 


P 


n 


M 


N 




a 


b 


5 


D 


'l 




S 


D 


'11 




* II 




9 


T 


1 


8 
12 


11 
11 


0 


1 


— 1 


1,5 


I 


U,440 


U,01 


n 1 071; 


64 
144 


32.6 
73,5 


— 8,8 
-19,8 


1000 
959,1 


1000 
460,8 


0 

249,2 


1000 
710 


1000 
1000 


1000 
445 


0 
278 


1000 
723 


0 
132 


475 
343 


0 
381 


1417 
1053 


2 


12 
19,2 


11 

3,2 
3.2 
2,1 


2.63 


3.19 


— O.OO 


1.6 


Ifi 




14 4Q 




144 
369 


-2080 
-5330 


- 8.26 
-r 21,2 


1505 
3720 


570,5 
291,2 


249,2 
914 


710 

802 


1610 
4510 


567 
272- 


278 
1130 


723 
904 


132 
537 


343 
429 


381 
1451 


1053 
1231 


3 


19,2 
40 


0.574 


1,407 


-0.833 


2,08 


1,347 


0,26 


0,841 


-0,109 


369 
1600 


■ 311 
1348 


- 40.2 
—174,3 


2087 
1877 


42 

174,8 


914 
758 


802 
805.8 


2494 
3360 


37 
9,61 


1130 
1490 


904 
1250 


537 
708 


429 
594 


1451 
1466 


1231 
1400 


4 


40 
60 


2.1 
1,24 


1,3 


1.995 


-0.695 


1.5 


1,497 


0,503 


1,79 


—0,084 


1600 
3600 


2860 
6440 


-134,5 
-302,0 


2317 
1310 


279,8 
375 


758 
348 


805.8 
617 


4220 
6310 


215 
108 


1490 
2310 


1250 
1713 


708 
1095 


594 
815 


1466 
1443 


1400 
1432 


5 


60 
66 


2.8 
2.8 


0 


1 


-1 


1.1 


1 


0,826 


0,51 


-0,1375 


3600 
4350 


1837 
2220 


-495 
-598 


712,8 
329,8 


404,8 
523,5 


154 
—96.6 


558.8 
427 


2346 
2346 


306 
253 


1020 
1045 


1326 
1298 


485 
497 


630 
616 


639 
400 


1189 
r043 



Q 
> 

i-3 

K 

o 



05 



or from table I. 

a = Mr^; h=Nfi 

S = m<s-\-v, D = mf-\-x 

52 = p(5i4-fli) — ojlpor first 
Di=q{Di-\- 61) — hA compTitation 

:^or second 
computation . 



St=pSi} j( 



(38) 
(25) 

(32) 

(26) 

(29) 
(19) 

(31) 

(40) 
(33) 



Tatle II.- Collection of formulas 



Ad! 



• a; At = v-A9 



(39) 



m- 



b 



a, + *a„ = a; T, + AT„ = t (42) 
Check 

l+3v 

"gipT / Per 



(44) 



a m +0,576- 



"3+N 



«=i + i^ + 02=/'(»Wi+ti + «i) (46) 
Eor steps of constant tMckaess: 

a = 0 

l» = l 
«=— 1 

.1+1 

«s=0,65-c 



M = c 
N = — e 



2 

1— V 



For 



steel jv = _o,i75.c 



a 
b 



D = t — »J i 

52 = 5i + fli — flj I 
Dt=q(Di + bi)-bti 

Check 

^ + *8 + «I = »l+'il + «t 
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True Stresses 

The coefficient k is found from the condition that 
Cq^^' = 400 kilograms per square centimeter. The equation 
aj + » Ctrue given case will he 

-96.6 + k 1045 = 400 

whence 

k = 0.475 

Multiplying all <j and T of the second computation hy 
this numher and adding a and T of the first computa- 
tion according to equation (4S): 

ai + kcTii = (Ttrue 
T'l + kTji = 'Ttrue 
yields the true stresses. 

For comparison there are given on figure 2 the 
stresses according to Holzer and Yanovsky, the dots indi- 
cating the stresses according to tahle 3. Notwithstanding 
that there were only 3 hyperjjplic steps instead of 10 
which were chosen in computing v;ith constant thickness 
steps aXmost complete agreement was ohtained. It would 
have "been possihle tt) decrease the numher of steps still 
further in the given computation without any great impair- 
ment of the accuracy. The computations were all made with 
a 25-centimeter slide rule. 



Pisks with Laterally Arranged Blades 

As has heen said, a lateral load on the disk is taken 
into account "by a nominal increase in the thickness of the 
disk, the added centrifugal force being equivalent to the 
external load. In other words, the density is increased 
while maintaining the same loaded area. The increased 
density over each step is generally considered constant. 
This is permissihle for steps that -are not very wide. In 
this case the foregoing scheme requires no changes except 

that in computing c *s -^^iL. at each step it is necessary 

e 

to take for "V 



UACA TM No. 1064 



29 



In th.e case where the lateral load corresponds to the full 
centrifugal force of the 'blades the added thickness of the 
disk T) is expressed through the area of the cylindrical 
section of the "blade f at radius r, thus 



where n is the numljer of "blades. 

If, in conducting the computation "by hyperbolic steps 
vej?y wide rings are used, the increase in density due to 
the lateral "blades cannot always "be considered constant 
over the step, A more accurate method for computing the 
load will "be indicated. It is assumed that at each step 
the added thickness depends on the radius according to the 



With two parameters in the preceding formula available, 
they may be chosen so that T\ very closely approaches 
the added thickness required. The substitution of this 
expression in the differential equation of the stresses 
hardly affects the integration. 

To determine the parameters X and e for the given 
step, the values given by formula (48) for the outer and 
inner radii of the step may be required to agree with the 
true values; 



nf 
2TTr 



(48) 



law 




(49) 



r| lis 



whence 



Ig rg - ig r,! 



(50) 



For the case under consideration this gives 
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Ihe value, of A further on is not directly used. 

How return to the differential equation of the 
stresses. -In system (20) there are changed only the terms 
free from unknowns which are increased in the same ratio 

as the density - that is, hy the factor (^1 + With 
the same reasoning, and setting as hefore 

55 = ka + T 

it is noted that equation (23) for k not containing the 
density maintains its form. In equation (21), however, 

for z the factor ^1 + ^ appears in the free term con- 
taining the density. By substituting for Tl its value 

T] = Ar^ and integrating this linear equation for hoth 
values k = m and k = n two equations again are derived 
for the stresses analogous to equations (30): 



= constant 

m -1 

r 

^ ^ = constant 
j.rh-1 



(51) 



where as hefore .S = mcr + t, D s na + T. 

Ihe values of A and B are ohtained from the pre- 
vious a and h: 

A = a fl + M' ^1-^ 

^ \ (52) 



B s: h ^1 + H" 



where 

M' = ^ - -a 

3 + e + n 

IT' =p ■ ^ P- . . 

3 + e + iji 



(53) 
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The remainder of the computation is not changed. 
What has been said wi th . r egard t o t,he choice ...of...ErQfile , 
the two computations according to Vo& Mises, and the dis> 
continuity in the stresses remains true. 



II. OOUTBHSB PROBLEM , QHOICS OP DISK •PEOI'ILE 

poa aivBir distribuiioh op stessses 



This problem was considered "by Holzer. (Holzer con'- 
sidered the case where the load of the disk is applied at 
the rim as corresponds to the conditions of steam turbines.) 
According to him, the profile should "be chosen so that the 
radial and tangential stresses almost over the entire disk 
are near the maximum admissible for the given material. By- 
approximating to the condition of uniform strength economy 
of material is obtained. The general procedure of Solzer's 
solution is the following: A curve of variation of radial 
stresses is chosen which satisfies the boundary conditions 
and rises rapidly to a aiaximum value which is maintained 
practically over the entire di sk, (See , f or example, fig. 5 
or 6.) Prom equation (7) of the interrelated stresses: 



|1 - u i2: = ULJL (a - T ) 
dr dr r 

the value of the tangential stress is found, the initial 
value of the tangential stress (at the inner edge of the 
disk) being assumed a maximum, since in practical cases 
the tangential stresses usually attain a maximum at the 
inner side of the. hub. (See under the section on estimat- 
ing the maximum tangential stresses.) Ihe thickness of 
the profile may after this be found from differential 
equation (s): 

LSiml - yT + or^ (y + ^) = 0 
dr 

where 0" and T are now known. 

Holzer considers disks for which the entire load is 
concentrated at the rim. In this case the equation per- 
mits separation of the variables. The initial values of 
the thickness of the disk are generally given by struc- 
tural considerations. 
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The foregoing indicated soltition of the proTjlem is 

siiita'Ble f(jr disks for which the radial st r e b s, a.t „ t,h.e 

outer radius does not become equal to zero. Such, for 
example, are disks of steam turtines carrying "blades on 
the rim. (Zero stress at the inner edge of the disk has 
no significance. Over a certain distance it is here, in 
general, not necessary to choose a profile "because the 
hub is assumed of constant thickness.) Such disks were 
cortaidered "by Holzer and Yanovsky. 

The case, otherwise pertains to disks having zero 
radial stress at the outer radius. Such, for example, 

are the disks of blowers carrying blades at the sides or 
disks without external load. Por these the method of 
Holzer is not directly applicable. (The r.eason for this 
is the occurrence of singular points in the differential 
equation of the profile. S'or a = 0 the coefficients of 
this equation become infinite.) Jn these cases the shape 
of the radial stress curve is subject to additional re- 
strictions which if not observed, lead to practically un- 
suitable profiles - such as disks of infinitely increasing 
thickness, disk with negative thickness, and so forth. 
Moreover, even for finite edge thickness of the disk the 
thickness cannot always be arbitrarily assumed as in the 
method of Holzer. In this case it is necessary to solve 
the problem of which conditions the chosen curve must 
satisfy in order that the disk have the required edge 
t hi ckne s s . 

By studying the differential equation (2) of the pro- 
file, criteria which determine the character of the pro- 
file near the edge are obtained. Practically, they give 
methods for the choice of profiles in the previously men- 
tioned cases where the solution of Holzer is inapplicable. 

As was mentioned previously, in practical cases the 
center hole of the disk is taken up by a hub of constant 
thickness.. The investigation of the shape of the profile 
may therefore be limited to the outer part of the disk. 
Disks without holes will not be considered since for a 
load concentrated at the rim Laval disks solve the prob- 
lem, of uniform strength. In the case of loads distributed 
along the radius, the problem is solved almost in the same 
manner as for a disk with hole. 
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Case of Zero Hadial Stresses at the Outer Zdge of the Sisk 

In the ahsence of loads over the disk radius the" dif- 
ferential equation of the profile "becomes homogeneous. 
The more simple case will "be considered first. 

^. Disks , vlthout external load ^- Pifferential equa- 
tion (2) which defines the disk profile in the given case 
hecomes 



|i + ^ y = 0 (54) 
. dr c 

where 



p = do: + + CT (55) 

dr r 



At the free outer radius r = R, the radial stress ff 
is equal to zero; hence the coefficient p/(T "before y 
here "becomes infinite. If the case of finite slope of 
the cr curve at the edge is considered - that is, assume 

M 5« 0; OB - safeting 
dr 



£ - Po Pi^^ - r) Padl > r) 
^ " R - r 



which means that the factor p/a has a simple pole at 
r = E. 

From analytical theory of linear differential equa- 
tions the "behavior of the integral y near a singular 
point is Judged and thus the character of the profile is 
o"btained. Thus the theorem of Puchs* applied to the sim- 
ple case under consideration shows that the integral is 
"proper" and should "be of the form 

k . 3 • - 

y = 0(R - r) [1 + hj.(Il - p) + hs(R - r) + . • .J 



where C is an arlaitrary constant and k is a certain 
exponent . 

The shape of the profile depends on whether k > 0, 
k = 0, or k < 0, If k < 0, then evidently y-r^ », 

*5ee, for exapple, Ooursat, Ooupse in Mathematical 
Analysis, 
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when r->E. The thickness of the disk increases infi- 
nitely.' (See fig. 4 . y If k - 0,^ --the di sk ^m^ a 
constant thickness. Pinally, if k -> 0 the thickness of 
the disk approaches zero. Which of the three cases occurs 
depends on the choice of the radial stre$s curve and on 
the initial value of the tangential stress. 

In order to obtain quantitative criteria, as v/ell as 
a general picture, the problem isrill te considered m«ire in 
detail. For simplification of the computation, set 

X =? E - r 

The equation of the profile "becomes 



^ ^ Z y (56) 
dx a 

where 

E = lii^ (57) 
a X 

and 

P(x) = x£ff po + PiX + psx^ + . . . (58) 
a 

By integrating there is ohtained 

/£dx / (|°+Pi+ P2X+ •••)dx Po In X Pix+Esx^ 

y = Oe * = Oe * 5s Oe e 

or 

y = Ox^°(l + hix + hsx* + • • O (59) 

an integral the form of which is that demanded by the 
theorem of Puchs. The arbitrary constant 0 has only 
positive values. 

The foregoing expressions for the profile may be 
written in a form suitable for computation: ... 

/S::2idx 

y s 0/% (60) 
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The numter po determining the character of the profile 
1 s thus expressed't^- - ■ 



P 



o 



= l.im (x^ ^ = lira 1: = lim ^ 



da ^ 0_:_T ^ 



r 



X— $.0 V or / X — >o — r-^H a- Q-h 

X "* r~" 

r - E. 



fiS") > II: + cR 
p^ . - , >^^<,i^ , ~ P (61) 

Vdr/H 

ty which the dependence of the type of profile on the 
slope of the curve of radial stresses and on the initial 
value of the tangential stress is determined. 

The criteria given previously may he expressed in 
the explicit form shown in figure 4 by using the expres- 
sion for po. 

Por a fuller characterization of the type of profile, 
consider the derivative 

-J- = > _£ = -Cx (p^ + g^x 4- g^x + . • ) 

There are three cases 

1. p^ > 0} y-5^0 for r-^E (fig. 4, la,, h, c) 

2. Pq = 0; 0 for r-5s.R (fig. 4, 2) 
S. Vq < 0; y-*" +00 for r->E (fig. 4, 3) 

The first case contains several possibilities: 

la. p "is; 1; jr^o, ijC-j. 0 for r-^E (fig.. 4,. la) 

dr 

Ih. Po = 1; y--»0, pi ->,0 for r^R (fig. 4, Ih) 

dr 

Ic. 0 < Po < 1; y->'0, ~=>^» for r-^E (fig. 4, ic) 

dr 
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The practically significant case is that for which 
the curve of radial stresses approaches zero from the 
positive side. The steeper the drop in the curve oif 
radial stresses the greater the disk expands tbward the 
edge foir' otherwise equal conditions. 

Bxample 1. The condition that the thickness of the 
disk at the edge is finite and different from zero was 
ohtained in the form: 



da 
dr 



H = ' IT 



It is not difficult to confirm that this condition is sat- 
isfied, for example, for a solid disk of constant thick- 
ness the stresses of which, as is known, are expressed "by 
the formulas 

a = i-±Ji (R^ - r^ 
8 g 



T 3! 



3 + V t^i)^ 



8 



S 



1 + 3v s 
r 

3 + u 



) 



Example 2. To determine within what limits the slope 
of the radial stress curve must "be taken in order to avoid 
infinite expansion of the disk profile.. The disk is of 
steel - diameter 1 meter, rotations per minute 3000, initial 
value of the tangential stress at the outer radius a'bout 
500 kilograms per square centimeter. 

The preceding formulais show that the slope of the 
radial stress curve must satisf;sr the condition 



da 
dr 



In this case R s 50 centimeters, 
per centimeter*, and there is found 

da 



c ?s ^5—- a 0.785 kilogram 



dr 



■< 29.3 kilograms per square centimeter 
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that is, the drop In the cf curve at the edge should not 
exceed 29 .3 kilogram,B per .square centim for 1 centi- 

meter of radius. 

B. Disks with Load 33i8tri'buted alone the Badius. - 
Taklng, as hefore: 

there is found 

= P y + g'n(a •• 3c) (6g) 
dx a a 



. 3 



Assume as "before that 

P(X) =: X 2. = Pq -J- p^X + PgX' + 

and similarly 

« X = + q,x + q^x^ + • • • (63) 

Consider that the "added thickness," as is usually the 
case, is not zero: "He > 0. Integrating equation (62) 

/ ^ dx -/ ^ dx 

y = e 



As in the previous case 

^Lx 

e = X (1 + p^x + • • • ; 

whence ^ 

-/E dx 

e = x'^°(l - p,x + . . .) 

Setting ' 



X 



There is obtained 
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or 



I x^Po"^ (qo + IjX + Ipx'' + • • Odx 



Consider the various cases: 

1. Po < 0 



In this case the expression for ' I cannot contain 
logarithms and there is obtained 

I = (. lo ^ I , ^ ^ . .A 

V Po ^ y 

By substituting in the expression for y 

y = (1 + PiX + t . .) ^Ox'^° ' ^i'^ + • • 

Since Pq < 0 for r— 5»E or x— >. 0 the thickness of the 
disk y will increase infinitely if 0 ^ 0. It is neces- 
sary to have the arbitrary constant 0 > 0 since when 
C < 0 the thickness of the disk approaches that is, 

no disk is obtained. If <? » 0 the thickness of the pro- 
file approaches -qio/Po- That this is a positive value 
will be shown. Consider the case p© < 0. Further, 
according to equation (63) 

q, X - TIE R . . 
Vdr4 

Since TIe > ^ and assume as before that the curve of 
radial stresses drops to ?ero from the positive side, 
q^ > 0,— Thi.B. means that the value of the thickness o'f 

the di sk i 8 positive . 
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In this case there is o'btalned 

I *5 q^j la X + Ij^x + • • • 

y = (1 + pxx + • • ^(O 4- <iQ In X + Ijx + • • •) 

It is noted that > 0. Tor this reason the thickness 

of the disk at the edge approaches negative infinity. 
This case is impossilile - that is, the assumed stresses 
are not realized for any actual disk. - 

3. Pp > 0 

The thickness of the disk is 

y = x^°(l + pjx + • • 0(0 + I) 

where 

1 =y x'^^o'^'^q^ + l^x + • • Odx 

The first term in I is equal to 

- So ^-Po 
Po 

The remaining terms are of the form 
where 

i * 1, 2, 3, . . . 

Moreover, if pg is an integer In x may enter. 
The thickness of the disk will he 

y = (1 + p^x + • • •) G x^° ^ l£ + Xx^° In x + L^^x + » • • 

Po 

where certain of the coefficients X and may vanish 
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Since for p© > 0 

" ' ' ' "■ - -hO,«> - — , 

iim In X = 0 

and the thickness of the disk at the edge 

where Pq and are positive; therefore the thickness 

of the disk is negative. 

Summarizing, it is noted T]^ ^ 0: 

1. The case Pq 5^ 0 does not correspond to any real 



disk. 



ExplicilJly this condition is 



da 
dr 



« cS - X 
R 



(64) 



2. The case pg < 0 or 



da 
dr 



> cR - ^ 
]R R 



(6.5) 



leads on the one hand to infinitely" expanded disks and on 
the other to the only possihle disk of finite edge thick- 
ness equal to 



yR * - 



1° 

Po 



or 



y^ 



c Tl R 



R Vdr/R 



(66) 



In choosing a disk profile the slope of the radial 
stress curve at the ed^e should 'hf p;reater than , a certain 
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value given "by the inequality equation (65); Moreover, 
the t-hieknesB of the disk at the edpe cannot arljitrarily 
be assumed if the stresses are ^iven,. This constitutes 
the essential difference as compared with the method of 
Holder. 

Only the last case where the disk does not expand 
infinitely is of practical interest, For this case an 
expression for the thickness that is capable of giving 
numerical values can he readily ohtained. It is found 

that 

dx ^ 3jPo(i + ij^x + . . O 

The expression in the parenthesis whidh is denoted by 
f(x) is equal to; x 

f(x) . e^ ^ 



The solution for y, previously written under the 
assumption that the constant of integration 0 hecomee 
zero, leads to the required expressioni 

X 

y = x^° f(x) r (67) 

J xPo-^^ f(x) 

0 

The integral exists, since Po < 0. This expression gives 
the thickness of the disk over its entire extent. 

The practical computation is more conveniently based 
on the fact that the thickness of the disk at radius a 
not far from the edge may be considered equal to yj^ . 
Taking for the new variable 

. ? = ray (68) 



rewrite equation (2) thus: 



d^ 
dr 



cr 



z + cr T) = 0 



(69) 



By integrating this differential equation and set- 
ting 
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there is oT>tained 




(70) 



z = >l/(s5a + e $) (71) 

Since the value of the radius a was taken near E, set 
as previously 

and obtain the thickness of the disk at all radii hy 
formiila (71). 

It will Tse shown v;ith the aid of an example that 
these formulas are applicahle for the choice of a disk 
profile loaded Tjy lateral hlades hut first, however, two 
more proDlems are considered. 



On the Limit of the Tangential Stresses 

In selecting a profile hoth for the case considered 
by Holzer and that of disks with laterally attached blades, 
assume the distribution of the radial stresses as given 
and the initial value of the tangential stress at the 
inner edge of the disk eq,ual to the maximum radial stress. 
An essential consideration in this connection is whether 
the tangential stresses may exceed the radial stresses if 
so and to what extent. 

If ffg 0, a ^max» ^ everywhere greater 

than zero, then 

0 < T < (1 + v) CTmax 
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In selecting the profile these conditions may "be consid- 
ered to' "be satisfied- since for steel, disks - for example. 

T < 1.3 ffjnax 

This limit, in the general case, cannot 'be lowered iDecause, 
for rapid increase in the radial stress from zero to the 
maximum, T may approach this limit as nearly as is de- 
sired. If, however, as a increases to the maximum the 
tangential stresses do not go "beyond the limit <%ax then, 
as will he shown, they do not exceed this limit over the 
entire di.sk. Also an interesting remark ty ^olzer should 
he mentioned that at the parts where the radial stresses 
remain constant the tangential stress approaches the radial 
asymptotically. 

All these statements are valid for disks independent 
of their profiles and of the character of the loads. They 
are "based on the equation giving the relation "between the 
stresses: 

fi = pis: H. (1 + V) 5L=J 

dr dr r 

which itself does not depend on the shape of profile or 
on the load. 

How proceed to the proof. Assuming in the above 
equation a(r) to he a known function, the tangential 
stress is obtained 

Integrating by parts and determining the constant of inte- 
gration from the conditions, a = 0; T Tq, for r » Tq, 
result 8 in . 

' - (^f"" T, . . ^f^^r- dr (72) 

'^0 

The tangential stresses always remain positive since 
all terms are positive. 
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Set 

Evidently 6 is always less than unity. 

r 

Since, moreover, Tq = (Jmax>, it is found from equation (72) 

T < ( 1 + V e) a^ax 

and 

T < (1 + v) o-aax (73) 
Moreover, "by equation (72); 



i+u 

T > ) + 1? a 



If the maximum u is attained at radius r. (fig, 5), 
then 



o^max 



If the increase in a is such that ri only slightly 
differs from Tq the tangential stress n will slightly 
differ from (l + v)aj^^j.. It is seen that the tangential 
stresses, in general, may exceed the radial and the limit 
set TDy the inequality (73) cannot Tie lowered without added 
restrictions. The correctness of the remark by Holder 
follows from the fact that at the intervals with positive 

radial stre8s..a9cordi.ng,to. the equation of the interrelated 
stresses 



r r. a ^ constant 
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With increasing radius the difference "between the two 
stresses approaches zero, while the . tangential 5tre_s_s re- 
mains at all times either greater than or less than the 
radial. Passing to the latter characteristic, it will "be 
shown that if over the interval r^, r^ (fig. 5), where 
the radial stress increases from zero to the maximum, t 
does not exceed Caax then the tangential stresses do aot - 
exceed CTj^ax over the entire disk. 

Erom equation (72), having all of its terms positive, 
it may he seen that if, without varying the initial values 
Tq and Oq - 0, a new curve of radial stresses is taken 

which everywhere lies ahove or coincides with the first, the 
tangential stresses can only increase as a result of such 
suhstitution.. The Initial curve Can now he changed so 
that starting from point B (fig. 5) it ' stays at the 
level of amax up to the end. The corresponding tangen- 
tial stresses heing at radius r^ less than crmax remain 
such to the end, since a = constant. According to what ■ 
was said this should all the more he true as regards the 
initial tangential stresses. Thus the tangential stresses 
over the entire disk do not exceed amax* 



Simplification of Holzer's Method 

for Loads Applied at the Rim 

Holzer assumes a graphically given a curve -or rep- 
resents the parts of the curves hy series; 

a = aQ + aj^r + a^r + • • • 

To find the profile in this case it is necessary to resort 
to one of the approximate methods for computing integrals. 
In vievf of this, ;the solution of Holzer is considered prac- 
tically complicated. 

The solution can, however, he made very simple. It 
is only necessary to seek a function to approximate the a 
curve at various sections so that differential equations 
(?) and (l) determining the tangential stress are inte- 
grated exactly and not approximately.* 

♦This approach repeats the idea of the application 
of constant thickness -disks or of hype?rholic disks to 
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The simplest method would he to represent the radial 
stresses hy a hroken line applying to each part the 
linear law; ~ - - . . _ 

a= kr + P 

Por the tangential stresse.s, from differential equation 
(7), it is found in this case 

- cr + i-. T .. V kr ) r^"*"^ = constant 
\ 2 + V 

or, for practical computation: 

Tg - CTs + (J. rg » -iCTj aj. + n rj) (74) 

'% 

where 

^ = k-:zJL^, (75) 

2 + U ^Fl^ 

Difficulties are encountered, however, in computing the 
profile . 

If, however, there is assumed for the radial stresses 
at the various sections, instead of a linear, an exponen- 
tial law likewi se , with two parameters; 

a = p r^ 



no difficulties are met with either in computing the tan- 
gential stresses or in finding the profile. For the 
tangential stresses there is obtained according to equa- 
tion (7); 

i +u 

(t - Xa)r = constant (76) 



compute the stresses in the given disk. In "both cases it 
is easier to solve the differential equation- relying on 
functions for which the integration is readily carried out 
than to make use of general approximation methods. This 
fact is not taken into account in the methods of Keller 
and Holzer. 
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where 



1 + V ... 



1 + V + k 

For the practical computation of a step: 



(77) 



-i— — — i. + Xcr, 



(78) 



where 



(79) 



In the same manner, it is readily found from equa- 
tion (l) for the profile 

m = , , 1 di.) + ^ ^ ^ A In a - -r-i-T ^(^) 

yg 1 + V + k Vc^y i+u + k k + 2\a/ 

where A denotes the increment in passing from radius 
ri to r si for example I 



Set for "briefness 

A = 2,3(1 + 1; + k) 



1 + V + k 
V = 2.3(2 - k) 



> 



J 



(80) 



where the numher 2.3 is the conversion factor for passing 
to common logarithms. Ihere is ohtained finally, 



(81) 



The above equation gives the change in. the pyofile thick- 
ness over a section of the disk. Together with equation 
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(78) it solves the pro'blem of the choice of profile. Both 
formulas, are exact and there is thus no need for approxi- 
mate integration. The computatioh is particularly simple 
for sections ^^rhere CT = constant. In this case the ex- 
ponent Ic is zero; hence X = 1 and instead of equa- 
tion (78), the result is 

T = li-::^ + (83) 

In the formula for the profile thickness (81) the coeffi- 
cients are simplified; 

A » 2.3 (1 + u) 
D = 4.6 

and B need not he computed, since 

B A Ig cr «* 0 

The computational procedure is as follows. The given 
curve of radial stresses is replaced "by a curve of the 
type a = P r^, passing through the ends of the section. 
The exponent k is found hy the formula: 

k = Ig is 1^ (83) 

It is not necessary to compute P. Further, using the 
initial value Tq there is found hy formula (78) the tan- 
gential stress over the entire disk. Finally, assuming 
the thickness given at any radius - usually at the tim - 
there is found the entire profile hy formula (81). In the 
computation only a small numher of steps need he used, 
since the presence in the f ormiila u - ^ of tvro arbi- 

trary parameters permits close approximati on ' t o the given 
form with only four or five steps. 

Examples of Selection of Disk Profiles 

Take two examples: one for the case of loads applied 
at the rim, the second for a disk with laterally attached 
hlades. 
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Example 1. (See taTsle 3.) Consider the problem 
whlo'K was solved "by Hoi zer, and 4n somewhat changed form 
also "by Yanovsky. Keep the conditions in the same form 
as given "by Holzer. 

It is required to construct the profile of a disk for 
the following data: outside diameter 132 centimeters, 
inner diameter of hub 16 centimeters, outside diameter 24 
centimeters, number of rotations per minute 3000, load due 
to the centrifugal forces of the blades produces on the 
outer surface of the disk a radial stress of 400 kilograms 
per square centimeter; at the inner side of the hub there 
is no radial stress, The permissible stress of the mate- 
rial is 1500 kilograms per square centimeter. At the rim 
the thickness of the disk must be 3.B centimeters. 

first of all, assume the value of the radial stress, 
taking it equal to 1500 kilograms per square centimeter 
over practically the entire disk. As regards the edges 
starting from the side of the shaft, the init ial ' value of 
the tangential stress is given here, assuming for it, as 
indicated, the maximum value; Tq «= 1500 kilograms per 
square centimeter. 

How compute fhe stresses at radius r - IS centimeters 
since the hub constitutes a step of constant though as yet 
unknown thickness. Por computing the stresses a knowledge 
of this thickness is not necessary. Thus, there is found 
(see first pt . table 3) for the radius 12 centimeters. 

cr s! 388 kilograms per square centimeter; 
T St 1070 kilograms per square centimeter 

Prom this value of a the radial stress must be in'cr eased 
to its maximum value a = 1500 kilograms per square 
centimeter, (See fig. 6.) Let this maximum be reached at 
radius r = 18 centimeters, (Too steep an increase in a 
leads to the same sharp drop in the thickness of the disk.) 
Shis increase in Oxt as already said, follows the lav 

CT = fi r^ 

By formula (83) for the given step there is found 
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B. Variable part of profile. 
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Table III.- Collectloa of formulaB. 
(83) A=2.3(l+v+*) 

07) 

(79) 



_* + 2 



1+v + A 
D = 2.3(2 -ft) 



(80) 



At hob where cr = const. 

*=o ; 

Xi=l \ 



(78) 



i4 = 2.3(1-1^^) 

o=?=4;6 

— not coo^u.ted 



Ol 
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- k-:= -Ig .1500 ~ Ig 583 ^ g^gg 
lg.l8 - Ig 12 

(See talsle 3.) 

For the following step (tatle 3, third step) <J is 
kept at its maximum value, 1500 kilograms per square centi- 
meter, and only in the ring. from r s 62 to r = 66 centi- 
meters (fourth step) is the radial stress lowered from 
15O0 to 400 kilograms per square centimeter. This drop 
is likewise made according to the law ff = ^ r , the 
value, -21.2 being obtained for k. 

Thus assuming this variation in a over the entire 
disk, proceed to the computation of the tangential stress 
T. For this purpose the auxiliary coefficients X and 
are required (see table 3); and T is computed by formula 
(78) for the second, third, and fourth steps. Tor the 
initial value of t for the second step T = 1070, pre- 
viously obtained for the end of the first step, and so 
forth. Thus, for example, there is obtained for the second 
step 

= "^1. - + ^aa = 1070 ^ ,0.496 x 388 ^ Q ^gg igQo = 1267 

q. ^ 1.694 

To find the thickness of the disk formula (81) is 
applied, beginning this time with the outer edge of the 
disk since there is here given the thickness y = 2.8 cen- 
timeters. Having filled in the columns of the auxiliary 
coefficients in the table, there is found for the last 
step, by formula (81) 

= i X 1.751 - 0.964 X 0.574 + -JL_ x 6.56 = -0.4691 

-45.8 53.4 

sinpe y^ =t 2.8 centimeters, there is obtained y^ = 0.95. 

Using this value as the final for the third step yields 
for the initial thickness of this step ^ 2.64 oenti^ 

meters, and so fortji. The problem of finding the profile 
of the disk is thus solved. From the curves of figure 6 
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it is seen that the ohtained profile and the values of the 
t a n g e n t i a 1 s t r e s s e s a gr e e ■ i n a ■ V e r y B a t i B f a c t 0 ry ma 
with solution of Holzer. Thus, the width of the hut) was 
obtained hy the author as 9.06 centimeters as compared 
with 9.32 obtained hy Holder. The author required 5 
steps. By the method of Yauovsky hased on steps of con- 
stant thickness 12 steps were required for the solution 
of this proljlem. 

Example 2. (See tahle 4.) Take the prohlem of the 

improvement of the disk profile of the fan (.fig. 7) de- 
scribed hy Ostertag (reference 6). the disk makes 4000 
rotations per minute . Starting from radius r = 80 centi- 
meters, the effect of the hlades is taken into account "by 
introducing an additional width of 0.7 centimeter at hoth 
sides of the disk. The outside diameter of the disk is 
86 centimeters, the inside diameter of the huh 15 centi- 
meters, and the outside diameter of the huh 19 centimeters. 

For the disk considered "by Ostertag, the maximum 
stress is the radial stress O^max - 1188 kilograms per 
square centimeter. The tangential stresses are consider- 
ahly less than the- radial. The maximum radial stress is, 
however, reached in the form of a peak. All this shows 
that the disk is far from heing of uniform strength. 

The disk profile will he improved, in the first 
place, hy making the tangential stresses approach the 
radial, and in the second place hy maintaining the maxi- 
mum radial stress <J = 1128 kilograms per square centimeter 
over a consideralile distance. At the outer edge of the 
disk, in lowering the radial stress to zero, it is neces- 
sary to take account of the previously derived condition 
for finite thickness of the disk (65): 



If it is required that the thickness of the disk at the 
outer edge should, for example, he 1 centimeter - as in 
Ostertag' s example - then from , formula (66) the approxi- 
mate value of the slope of the radial stress curve can "be 
found; 



dg i 
dr 'a 



> cR - 1 



dal 



dr a 
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TABLE k 
A. Hub 
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9.5 






90.3 


SI. 5 


-21.9 


1097 


716 


191 


. 907 



B. Computation of Taneential Stresses 



^3 



9.5 
1^.75 
16 
20 

2Lt 
2S 

3^ 

33 

^5 



191 
660 

112S 

1128 
1128 
1128 
1005 

735 

355 
• Q 



ikk 
0 

0 
0 

-30. 8 
-67.5 

-95 
-lis. 3 



U3.8 
i^3.8 

0 

0 

0 

-9.35 
-20.5 

-28 ..9 

'36 



1.342 

i.255 

1.25 

1.2 

1.166 

1.143 

1.125 

1.111 

1.075 



1.466 

1.3^3 

1.337 

1 ."267 

1.221 

1.19 

1.165 

1.147 

l.XO 



907 
S74 

1001 

1033 
1053 
1067 

1033 
933 
778 
624 



C. Computation of Profile Thickness 



r 


a 


T 


ro 


P 


qj 




r\ r** 

^i/ 


e 


z 


y 


9.5 


191 


907 


1815 


-0.431 


-0.32s 


0.721 




17980 


21800 


12 


12.75 


660 


874 


S430 


— ,0772 


.3^3 


1.41 




17980 


42600 


5.05 ' 


16 


1128 


1001 


180S0 


-.035s 


.513 


1.671 




17980 


50500 


2.79 


IS 


1128 


1018 


20300 


-.0279 


.57s 


1.7S3 




1798O 


53800 


2.67 


26 


1128 


1033 


22400 


-.0212 


.625 


1.869 


0/300 


1798O 


56400 


2,58 


21^ 


1128 


1053 


27100 


-.0093 


.685 


1.984 


4l0 


16550 


55900 


2.06 


28 


1128 


1067 


31600 


,00062 


.702 


2.02 


543 


14670 


51700 


1.63 


32 


1005 


1033 


32200 


.0121 


.686 


1.985 


723 


12300 


44300 


1.38 


-36 


735 


933 


26500 


.0328 


.593 


1.81 


1003 


8750 


3l4oo 


1.19 


33 


560 


S65 


■"21300 


.0536 


.505 


1.657 


1230 
1560 


6550 


23700 


1,11 


4C 


) 


355 


778 


14200 


,1017 


.361 


1.435 


3760 


14950 


1.05 


^ 4: 




244 


730 


10000 


.1607 


.250 


1,284 


1810 


2050 


10340 


1.034 


4c 




125 


6S0 


5250 


•3380 


0 


1 


2470 


0 


5200 


.99 
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Assuming Tj^ a magnitude of the order of 500 to 700 kil- 
ograms per sciuarV centime Cfor Tjj ss 1128 feg/cm®) - 
yields the slope at the edge: 



da 



dr 



= 130 kilograms per cubic centimeter 



Passing to the selection of the radial stress curve 
over the entire disk, first compute the huh as a step of 
constant thickness, (See tahle 4A.) The initial values 
are (Jq = 0,* Tq = 1128 kilograms per square centimeter. 
There is found for the end of the huh; a » 191 kilogrami 
per square centimeter, T s 907 kilograms per square cen" 
t imet er . 



Then increase a linearly (see fig. 7) to the maxi- 
mum 1128 kilograms per square centimeter at radius r = 16 
centimeters and keep it at this level i;.p to radius r = 28 
centimeters. Then a is lowered to zero, assuming at the 
edge a drop of 130 kilograms per square centimeter per 
centimeter of radius. 

With the curve of radial stresses given, the tangen- 
tial stress is found, Tor this purpose apply formula (74), 
assuming that cr at each step follows the linear law. 
For the steps for which a =« constant, M. » 0 is obtained. 

All computed tangential stresses are given in table 
43. Figure 7 shows the obtained curve of tangential 
stress. For comparison, the curves of radial and tangen- 
tial stresses obtained by Ostertag are shown by dotted 
curves. The new curves evidently much more nearly approach 
the condition of uniform strength. 

There still remains to be computed the thickness of 
the profile corresponding to the new stresses. The thick- 
ness at the outer edge is found by formula (66): 

cTlR 1.39X1.4X43 

y = _ ^ = . : , 

,1.^ (MX - bR . ,.§11 + 130 - 1.39 X 43 



♦Ostertag assumes o^o - kg/cm*, taking the bearing 

pressure on the shaft as positive. This pressure should 
be considered as a negative str^s?. The ^ame error is re- 
peated by Kearton, 



=! 0.99 centi 
met er ; 
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Then compute the thickness of the profile "by (71) (see 
tt^^lg' 40), t^he integral for the individual steps .heing 
approximately computed hy the Simpson formula: 

y ydx « (yo + 4yi + yg) 

a 

ihe ohtaLned profile is shown on figure 7 where, for com- 
parison, the profile ohtain^d hy Ostertag is indicated hy 
the dotted curve. It is seen that hy approaching the uni- 
form strength condition a considerable saving in material 
result s . 

Translation "by S. Reiss, 
National Advisory Committee 
for Aeronautics. 
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TABLE 1 





. Bl 


Difference 


0. 0 


1,0 


0.066 


.1 


1.066 


. 068 


. 2 


1 .134 


. 070 


IT 

.o 


1 . 205 


.072 


.4 


1.277 


.074 


. 5 


1.351 


. 076 


. 6 


1 .427 


. 077 


. 7 


1 . 504 


.079 


. 8 


1 . 583 


.080 


. 9 


1 .663 


.082 


1.0 


1.745 


.083 


1 . 1 


1 .828 


.084 


1 . 2 


1 .912 


.085 


1.3 


1.996 


.086 


1.4 


2. 082 


.087 


1 .5 


2.169 


.087 


1.6 


2.256 


.088 


1.7 


2.344 


.089 


1 . 8 


2.433 


.089 


1.9 


2.522 


.090 


P 0 


O ft 1 


. vjy u 


2.1 


2.703 


.091 


2.2 


2.794 


.092 


2.3 


2.886 


.092 


2.4 


2.978 


.092 


2.5 


3 .070 


.093 


2.6 


3.163 


.093 


2.7 


3.256 


.094 


2.8 


3.349 


.094 


2.9 


3.443 


.094 


3,0 


3.537 






Fig\ire 4.- 
Types of 
profiles 
as func- 
tions of 
the stress 
distribTi- 
tion. 



K&.CA Technical Memorandum Ho. 1064 



Figs. Z,3 




8 12 16 20 25 30 35 40 45 50 -55 60 66 r 
Figure 2.- Stress distribution in disk. 
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Figure 3,- Approximation to the profile with 
with the aid of hyperbolic steps. 
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Figure 5.- General shape of radial stress curve. 




rigure 5.- Selection of profile. Solid curve gives the profile and stresses 

according to Holzer, dotted cvirve accprding to the method of 
stepped radial stresses. 
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Figure 7.- Improvement of disk with lateral blades. Dot- 
ted curves give initial profile and stresses, 
improved profile and .stresses giy$n "by solid curveSt 



